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ABSTRACT: A mathematical method is developed to provide a (computerized) solution to two problems hitherto 
arising in conformational energy calculations of oligomers and polymers, when bond lengths and bond angles are 
maintained fixed. The two problems are the calculations of the sets of dihedral angles which lead to (a) exact ring 
closure in cyclic molecules and (b) local conformational deformations of linear or cyclic molecules. Most of the 
emphasis is placed on polypeptide chain molecules. The method is applied to prove that no cyclic tri- and tetra- 
peptides with planar trans-peptide units having Pauling-Corey bond lengths and bond angles are geometrically ca- 
pable of existing. The problems of calculating first and second derivatives of energy functions for cyclic molecules 
and for local deformations are also treated. 

I. Introduction 

In  conformational energy calculations of alkanes and 
polypeptides, the bond-stretching and bond angle- 
bending degrees of freedom have usually been treated 
in two different ways, ciz., by considering both of these 
quantities as variables (I), and introducing bond- 
stretching and bond angle-bending potentials, or as fixed 
(11). In treatment I, either internal coordinates (bond 
lengths, bond angles, and dihedral angles)js6 or Cartesian 
coordinates7 of the atoms in  the molecule may be used 
as variables, whereas, in treatment 11, only the dihedral 
angles (internal coordinates) are treated as  variable^.*^^ 
For polypeptide chains, the number of variables may be 
reduced further by assuming that the peptide unit is 
planar, although small departures from planarity lo 

might be expected to  occur from a consideration of the 
energy of rotation about the peptide bond." The 
main advantage of treatment I1 is that fewer indepen- 
dent variables are involved than in treatment I. For 
example, in the case of n-decane there are 9 variables 
(dihedral angles) in treatment 11, compared to  96 (when 
Cartesian coordinates are used) or 90 (when internal 
coordinates are used) in treatment I. Obviously, treat- 
ment I1 involves much less computer time, even though 
treatment I is a more realistic one. Also, the computer 
program can have a simpler structure in treatment I, 
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especially when Cartesian coordinates are used as the 
variables. 12, l 3  

The theoretical basis of treatments I and 11, together 
with a consideration of the procedures for calculating 
the conformational free energy of the molecule in each 
treatment, was presented elsewhere. l 4  There it was 
pointed out that treatment I1 could be used as the first 
step of a perturbation treatment of the problem, in  the 
sense that conformations which give minimum energy 
in treatment I1 may be used as the starting conforma- 
tions of a n  energy minimization procedure in treatment 
I. I t  was also shown that the energy decrease in this 
second energy minimization process is usually small, 
unless there is considerable steric hindrance in the start- 
ing conformation. In  other words, treatment I1 is 
generally a good one not only in providing a good ap- 
proximation to  the correct conformation, but also in 
providing a good approximation to  the correct energy. 
In  view of these facts, it is generally recommended that 
energy minimization be carried out first in a space of 
smaller dimensionality corresponding to  the use of con- 
stant bond lengths and bond angles (and planar peptide 
units in the case of polypeptides). Then, if necessary, 
a further calculation can be performed in a space of 
larger dimensionality involving variable bond lengths 
and bond angles, starting with the conformation ob- 
tained in the first energy minimization procedure. 

However, a difficulty arises in treatment I1 when one 
is dealing with a cyclic molecule (the first problem to 
which this paper is devoted), ciz., the calculation of a 
set of dihedral angles which corresponds to exact ring 
closure is not trivial.16 One of the methods used to  
achieve ring closure is the use of a fictitious ring-closing 

(12) Hendrikson13 has used an intermediate treatment in 
which bond lengths are kept constant and bond angles are 
variables. In this treatment, which has a number of variables 
intermediate between those of treatments I and 11, only internal 
coordinates may be treated as variables. The complexity of the 
computer program in this treatment is also intermediate between 
those of treatments I and 11. 
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a set of dihedral angles and bond angles which correspond to 
exact ring closure. 
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potential.16.17 But the inclusion of such an artificial 
potential also introduces some problems in the numeri- 
cal computations. Therefore, the first purpose of this 
paper is to present a mathematical method to calculate 
the set of dihedral angles which correspond to exact 
ring closure in treatment 11. 

Another difficulty, having the same mathematical 
origin in treatment I1 as the ring-closure problem, arises 
in a different aspect of conformational energy calcula- 
tions. In any Conformational energy minimization 
procedure, one selects a certain starting conformation 
which is then altered, step by step, in such a way that 
the corresponding conformational energy is decreased 
monotonically. In  order to carry out the energy mini- 
mization efficiently, the alteration of the conformation 
in each step should be determined by making maximum 
use of information, obtained in the previous steps, about 
the appearance of the conformational energy surface 
in the vicinity of the conformation being considered. 
From this point of view, it is in general desirable to avoid 
very drastic changes in conformation in the energy 
minimization procedure, since drastic changes prevent 
one from making, maximum use of information ac- 
cumulated in the previous steps. However, in treat- 
ment 11, it is not easy to make only moderute changes in 
conformation for i.he following reason. A change of a 
few degrees in a dihedral angle located near the middle 
of a long chain molecule causes a drastic change of the 
overall conformation of the molecule, unless it is ac- 
companied by simultaneous changes in nearby dihedral 
angles, i .e. ,  effectively by a cooperative variation of 
angles which confines the conformational change to a 
local section of the chain. In other words, in order to 
produce only a small change in conformation, a certain 
sequence of dihedral angles must be changed simul- 
taneously in such a way that the positions of atoms 
located far from the bonds (about which rotations take 
place) do not change by large amounts. However, up 
to now, the calculation of such changes in a set of di- 
hedral angles, which cause local deformations of con- 
formation in long polymer chains, has not been carried 
out in treatment 11. Thus, the second purpose of this 
paper is to solve this mathematical problem. I t  is 
possible that such local deformations, which involve 
only geometrical rather than energetic criteria, may 
provide a means of' passing to successively lower minima 
in the multidimensional energy space. 

These two problems (ring closure and local deforma- 
tions) can be solved by the same mathematical method. 
In section 11, these two problems are shown to be those 
of solving a set of algebraic equations for six unknowns. 
In section 111, srlecial cases of chain molecules are 
treated in which rotation can take place around all back- 
bone bonds; in these cases, the set of algebraic equa- 
tions for the six unknowns can be reduced to  a single 
equation in a singie unknown. In section IV, the spe- 
cial case of' polypeptide chains with planar peptide units 
is treated; the method developed in section I11 is shown 
to be applicable also for polypeptide chains, even when 
the peptide units are assumed to be planar, and the 
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Figure 1. 
dihedral angles 

Definitions of bond lengths d,, bond angles O b ,  and 
for a chain molecule. 

method is illustrated numerically. In section V, the re- 
sults of section IV are applied to  cyclic tri- and tetra- 
peptides whose unit stiructures are those given by Paul- 
ing and Corey;'S it is proved that cyclic tri- and tetra- 
peptides cannot exist geometrically, if the peptide unit 
having Pauling-Corey geometry is assumed to  be planar 
and in the trans conformation. In  section VI, the cal- 
culation of first and second derivatives of energy func- 
tions is treated; this :IS of importance in energy mini- 
mization, in calculating statistical weights, and for 
treating local deformations in general chain molecules. 

11. Mathematical Ex pression of the Problems 

In this section, the two problems indicated in section 
I are formulated as a1gl:braic equations. 

Consider a portion of a chain molecule consisting of 
backbone atoms linked serially (Figure 1). The defini- 
tions of bond length d,, bond angle Bi, and dihedral 
angle w i  are given in Figure 1 .  A local coordinate 
system is set up for each backbone atom as follows. 
The ith local right-handed rectangular Cartesian co- 
ordinate system is defined in such a way that the com- 
ponents of the positio:n vectors of atoms i - 1, i, and 
i + 1 in this local coordinate system are (O,O,O), (dt,O,O), 
and ([di + di+l cos Br],di+l sin Bi,O), respectively. If a 
given point in space is expressed by position vectors 
ri and rip1 with respect. to  the ith and (i - 1)th coordi- 
nate system, respectively, the relation between them is 
given by 

rd-l = TiplR,rt + pi-l (1 )  
where 

cos Or-l -sin B1-l 

0 

0 sin wi  cos w t  

(18) See, for example, L.  Pauling, "The Nature of the Chemical 
Bond," 3rd cd, Cornell University Press, Ithaca, N. Y . ,  1960, 
p 282. 
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Figure 2. Definitions of bond lengths d, ,  bond angles O , ,  and 
dihedral angles at for a chain molecule with rigid portions in 
its backbone structure. 

(4) 

In accordance with treatment 11, we keep bond lengths 
and bond angles constant, and regard only the dihedral 
angles as variables. In  some cases, it may be useful 
to  treat some parts of a molecule as rigid, e.g., the planar 
amide group or the rigid benzene ring. In  such cases, 
two consecutive bonds along the chain, about which 
rotation takes place, d o  not meet a t  a common atom 
(Figure 2). For such cases, TtPl in eq 1 takes a more 
general form of a 3 X 3 orthogonal matrix, and the vec- 
tor pc-l in eq 1 may have nonvanishing y and z com- 
ponents. For example, a n  explicit fsrm of pzp1 of such 
a general character will be given in section IV for a poly- 
peptide chain. In the remainder of this paper, 
and pr-l will be assumed to  be a general 3 X 3 orthog- 
onal matrix and a general vector, respectively, unless 
stated otherwise. Equations 2 and 4 are special (and 
important) cases of Ti-1 and pi-l, respectively. 

We shall treat first the second problem, that of a local 
conformational deformation, and will treat the first 
problem of exact ring closure later. Let us assume that 
we want to change n consecutive dihedral angles 
ol, , , ,a, located in the middle of a long chain molecule 
without affecting the locations and orientations of the 
local coordinate systems other than those numbered 1 
to  n - 1. In particular, the locations and orientations 
of the local coordinate systems numbered 0 and IZ 
should remain fixed for any deformations. The equa- 
tions for transformation of coordinates among these 
(n + 1) local coordinate systems are given by repetitive 

ro = ToRlrl + PO 
rl = TlR2r2 + P I  

( 5 )  

rn-l = Tn-iRnrn + Pn-1 

use of eq 1 .  Since the location and orientation of the 
local coordinate system iz relative to  the local coordinate 

system 0 is fixed, there must be a constant orthogonal 
matrix T and a constant vector p such that 

ro = Tr, + P (6) 

The problem is to  find a set of values for n dihedral 
angles air. . . ,w, which are compatible with eq 5 and 6. 
These equations cannot be satisfied, Le., a deformation 
cannot be confined to  a local region, for an arbitrary 
set of values for these n variables. Instead, some rela- 
tions must exist among these n variables in order to  con- 
fine the deformation locally. In  other words, the num- 
ber of independent variables for local deformations must 
be less than 11, uiz., (n - 6) as shown below. 

The location and orientation of a local coordinate 
system can be specified by six variables, uiz., three for 
the location of the origin and three for the Eulerian 
angles. Or, alternatively, they can be specified by a 
vector s (position vector of the origin), a vector u (unit 
vector in the direction of the x axis), and a vector v (unit 
vector in the direction of the y axis). There are three 
relations among u and v, uiz. 

U G U  = 1 
v . v  = 1 
u . v  = 0 

(7) 

Therefore, there are six degrees of freedom for the three 
vectors s, u, and v. For  example, the relative position 
of coordinate system 1 with respect to  coordinate sys- 
tem 0 is given, according to  the first of eq 5, by 

s = Po 

v = ToRle2 

where el and e2 are column vectors, whose transposed 
(row) vectors are el+ = (1,0,0) and e2+ = (O,l,O), re- 
spectively. By using all of the equations in eq 5 we can 
obtain three vectors s,, u,, and vn corresponding to  the 
relative position and orientation of coordinate system 
n with respect to  the local coordinate system 0 

u = ToRlel (8) 

s n  = PO + ToRipi + ToRlTIR?p, + . . . + 
T o R I T I R ~ .  . .Tn-ZRn-lPn-l (9) 

un = ToRITIR?. . .T,--2Rn-lT,-lR,el (10) 

v, = ToRITIRz. . . Tn-2Rn-1Tn-1Rne2 (1 1) 

Here, the three vectors sn, un, and v,, which are equal 
to  p, Tel, and Tez, respectively, because of eq 6, are con- 
stant. Also, un and v, satisfy eq 7. Therefore, the 
number of independent equations among eq 9, 10, and 
11 is six, which means that there are six independent 
relations among n variables. Hence, the number of 
independent variables is (n - 6). This means, for ex- 
ample, that at least seven consecutive dihedral angles 
must be changed simultaneously in order to  deform the 
conformation of a chain molecule locally; and, one 
of these can be varied independently, the other six being 
determined by the value assumed by the independently 
varied one. 

We can now solve the problem of calculating sets of 
dihedral angles wl,. . . ,wn which are compatible with eq 
5 and 6, or which give a locally deformed structure, by 
the following steps. ( 1 )  Arbitrarily choose (n - 6) di- 
hedral angles out of the n angles wl,. . . ,o, as the inde. 



Vol. 3, No. 2,  March-April 1970 RING CLOSURE OF CHAIN MOLECULES 181 

pendent variables. (2) Assign a n  arbitrary set of values 
to  these (n - 6) independent variables. (3) Solve eq 
9, 10, and 11 for the other six dihedral angles for the 
given set of values assigned to  the (n - 6) independent 
variables. Equations 9, 10, and 11  may have no solu- 
tion, o r  one or  more solutions. When there is n o  solu- 
tion, no local deformation is possible for the assigned 
set of values of the (12 - 6) independent variables, no 
matter what values the other six angles may assume. 
When there are more than one solution, there are more 
than one set of values that the other six angles can as- 
sume, for the assigned set of values of the (n - 6) inde- 
pendent variables, in order to deform the chain locally. 
As one of the arbitrary choices, we select the ( / I  - 6) 
angles wL, as the independent variables. Then 
the equations which must be solved for ~ , - ~ , w ~ - - ? ,  . . . ,an 
for a given set of values of wl, ,w,-~ are 

s = P n - 6  f 
Tn-GRn-sPn-6 f 
T,-~R,-jT,-sRn-IP~~-I + 
T,-6R,-jTn-jRn-IT,-IRn-3P,--3 + 
T,-,R,- jT,- SRn-4Tnp4Rn- 3Tn--3Rn--~pn--e + 
T,-6R,_jTn_jIR,,-ITn_,R,3T,_,R,_?T,_?R,_,P~-l 

(12) 

T,-6Rn-aT,-jR,- rT,,-IR,--3T,-~R,-2T.-?Rn-1T72-1Rnel 
(1 3) 

u =  

v =  
Tn-6Rn-5Tn-jRn- IT,-IR,-3T,-3Rn-PT,-~R~-,T~-~RneY 

(14) 

where 

s = Rn-6-'Tn-i--l. . . Ri-'To-'[Sn - PO - 

u = Rn-6-'T,-;-'. . . Ri-'To-'u, 
v 7 Rn--6-'Tn-<-'. . . Ri-'To-'vn 

ToRlp, - . . . - TORI. . .Tn-aR,-ip,-:] 
(15) 

are expressed in terms of the (n  - 6) independent vari- 
ables. The vector,j u and v in eq 15 satisfy eq 7. There- 
fore, the number of independent equations in eq 12, 13, 
and 14 is 6, which is the same as the number of un- 
knowns. The quantity s in the first of eq 15 is the 
position vector of the origin of the nth local coordinate 
system with respect to  the (n - 6)th one. 

We now turn tcl the first problem, that of closing a 
ring structure exactly. Let us consider a cyclic chain 
molecule in which there are I I  variable dihedral angles 
w,, . . . >wn, and hence /7 local coordinate systems. The 
equations for the transformation of coordinates among 
these coordinate systems are given by eq 5, in which 
ro,To> and po are replaced by rn,Tn, and p,, respectively. 
In other words, ring structures are obtained by identify- 
ing the coordinate system 0 with the coordinate system 
n.  This means that the problem of closing a ring struc- 
ture exactly can be regarded as a special case of the 
problem of local deformations. Therefore, the equa- 
tions for the problem of ring closure are obtained as 
special cases of the equations for local deformations. 
Thus, eq 6 should be replaced by ro  = rn.  In eq 9, 10, 
1 1 ,  and 15, sn, u,,, v,, po: and To should be replaced by 
0, e l ,  e2, p,, and T,, respectively. Equations 12, 1 3 ,  and 
14 remain unchanged. 

As in the problem of local deformations, there are 
(n - 6) independent variables in a cyclic chain molecule 
of n variable dihedral angles. It is of interest to  ex- 
amine some consequences of this fact. For  cyclopenta- 
glycyl, n = 10 if we assume that the amide groups are 
planar. Hence, four of these dihedral angles can be 
treated as independent variables. If two glycyl residues 
are replaced by prolyl residues, as  in 

n = 8 since the 4 angles19 in prolyl residues may be 
fixed as a good approximation. Hence, there are only 
two independent variables for this molecule. In other 
words. the conformation of this molecule can be speci- 
fied by assigning values to two dihedral angles which are 
chosen as the independent variables. Therefore, we 
can express the entire conformational energy surface of 
this molecule on  several two-dimensional maps. The 
reason why we need more than one map is that, when 
there are multiple solutions to  eq 12. 13, and 14 for a 
given set of values of the two independent variables, we 
have a corresponding number of possible conformations 
and conformational energies. The calculation of the 
entire conformational energy surface for this molecule 
is presented in the accompanying paper.'" 

Our two problems presented in section I (ring closure 
and local deformation) have been expressed in terms 
of the same mathematical expressions, i.e., eq 12. 13, 
and 14, with u and v satisfying eq 7. The methods of 
solving these equations are described in sections 111-VI, 
as indicated at  the end of section I.  In sections 111, 
IV, and VI, eq 15 will not be used, i.e., instead, the 
vectors s, u, and v will be treated as arbitrary vectors 
(which are then six independent variables since they 
satisfy eq 7) rather than taking wl, . . . ,wn-6 as the inde- 
pendent variables. Therefore, , . ,w, are the only 
variables which appear in sections 111, IV, and VI. 
Hence, there is no point in assigning serial numbers from 
n - 5 to  / I  to six unknowns. Therefore, in the remain- 
der of this paper, we will replace n - 6, n - 5 ,  n - 
4, , . . , n by 0, 1, 2, , . , , 6, respectively, as suffixes in eq 
12,13, and 14. The resuffixed equations will be referred 
to  as eq 12a, 13a. and 14a. In section V, where the me- 
thod of solving eq 12a, 13a, and 14a is applied to a dis- 
cussion of cyclic tri- and tetrapeptides, eq 15 will then be 
used. 

111. Cases of Rotation about All Backbone Bonds 

In this section, we focus attention on cases in which 
rotation can take place about all backbone bonds. 
Hence, in these cases, all constant matrices T, and con- 
stant vectors pi have the forms of eq 2 and 4, respec- 
tively. It will be shown in this section that, for these 
special cases, the set of simultaneous equations 12a, 
13a, and 14a, for the six unknowns wl,. . . ,w6,  where u 
and v satisfy eq 7, can be reduced to  a single equation in 

(19) J. T. Edsall, P. J. Flory, J. C. Kendrew, A.  M. Liquori, 
G. Nemethy, G. N. Ramachandran, and H. A. Scheraga, Bio- 
polj .mers,  4, 121 (1966); J .  Bid. Chen?., 241, 1004 (1966); J .  
Mol. Biol., 15, 399 (1966). 

(20) N. Go and H. A.  Scheraga, Macromolecules, 3, 188 
(1970). 
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a single unknown which can be solved, for example, by 
Newton's method. 

By using the explicit forms of Ri and Ti  given in eq 2 
and 3, eq 12a, 13a, and 14a can be transformed to 

s = 90 t ToRiTiR?qi + ToRiTiR?T?R:jT;iRJqr (16) 

T, - ' R 4- 'T a- 'R 3- IT,- 'Rr- 'T 1- RI- 'To- u = 

sin ea sin w 5  

1' 1 R i- IT 4- 'R 4- IT a- IR a- IT2- 'R?- ITl- 'R1- 'To- 1 y = 

where 

where i = 0. 1 ,2 .  The merit of these expressions is that 
two unknowns (ai and oB) do not appear in the three 
equations (i.e., x ,  J', and z components) of eq 16 and in 
the x component of eq 17. Therefore, these four q u a -  
tions can be solved for the four unknowns w l r  i ~ ' ~ .  w . ~ ,  
and w;. 
can be obtained uniquely from the J '  and z components 
of eq 17. Then w 6  is determinable uniquely from the J' 

and z components of eq 18. and the already determined 
values of wl, w2. wl, w:, and w:. Therefore, the whole 
problem is reduced in essence to that of solving four 
simultaneous equations ( x .  J': and z components of eq 
16 and x component of eq 17) for the four unknowns 
w I ,  w2, ws, and wI. The .Y component of eq 17  can be 
written as  

Once these four unknowns are determined, 

u+ToR1TlRsT2R3TaRtT4el - cos Oj = 0 (20) 

where u- is the transpose of u.  In the next paragraph. 
we will solve eq 16 for u2. wii ,  and i ~ ' ~  for given s and w l ;  
i , e , ,  w 2 .  w.). and i ~ ' ~  will each be expressed as a function 
of w,. Then these expressions will be substituted into 
eq 20, so that the latter may then be regarded as an 
algebraic equation for wl only. 

To obtain i ~ ' ~ ,  a;{. and w 4  each as a function of i ~ ' ~ .  we 
proceed as follows. First we can express i~'? as a func- 
tion of w l .  If the vectors and the angle wI are regarded 
as given quantities in eq 16. then the vector r of eq 21 
is also a given quantity 

r = T1-lR1-lTO-l(s - qo) (21) 

Equation 16 may then be written in terms of r as 

r = R,ql + R2TyR,TeRlq2 (22) 

This is equivalent to  a set of the two equations 

r = R?(q, + q:d (23) 

qa = T?R:jTSR4qs (24) 

and 

(21) See, for examplc, D. D.  McCracken and W. S .  Dorn, 
"Numerical Methods and Fortran Programming," John Wiley & 
Sons, Inc., New York, N.  Y. ,  1964, p 133.  

From eq 24, we have 

= q 2 2  (25) 

Solving eq 23 for q.:. and substituting it into eq 25, we 
have 

J' cos w.? + z sin i~'? = 
( r 2  f c j i 2  - vs2 - 2pi,~), '2~1 (26) 

Here. s, j', and z are the components of the vector r: 
which are given quantities. as mentioned above, and p L  
and ui are the .Y and .I components? respectively, of qi 
(given by eq 19). The necessary and sufficient condi- 
tion for the existence of solution(s) of eq 26 is given by 

111 + L j2  2 I' 2 (/I - lj? (27) 

and 

Here. I'. ql ,  and LI? are the lengrhs of the vectors r. q l .  and 
q,, respectively. When these cxdi t ions  are satisfied, 
eq 26 has the solution 

where 

11' = ( r?  A Lj'? - L j 2 2  - 2p1x),'2u1 (30) 

By sub- We can now express W ,  as a function of wI. 
stituting eq 29 into eq 23, we have 

If we write eq 24 as 

Rj-'T?-'q i = TjRAq? 

then the s component of this equation yields 

COS i ~ ' 1  = [PI COS 8 ,  - (X - pi) COS 8 s  - 
( w  - U J  sin Or],!u. sin O 3  (33) 

This equation determines the value of the dihedral angle 
i ~ ' . ~  under the condition 

1 2 [ p ?  cos 0:j - (x - pi) cos O? - 
(w - UI) sin O,]!CT, sin O 3  2 -1 (34) 

When this condition is satisfied, we have 

sin o4 = i [ l  - ( p 2  cos O a  - (x - 
pl) cos O? - (w - all sin 0,; 2/(uc sin 83)2]' (35) 

The i sign in eq 35 is independent of those in eq 29 and 
31. The three + (and 7) signs in eq 29 and 31 are in- 
terdependent in a sense that, when the upper (respec- 
tively, lower) sign is taken in one equation. the upper 
(respectively? lower) signs must be taken in the other two 
equations. Because of the I signs in eq 29: there are 
in general two solutions for w 2  for given s and WI: pro- 
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vided that the conditions of eq 27 and 28 are satisfied. 
And moreover, because of the + signs in eq 35, there 
are in general two solutions for w 4  for given s and wI. 
provided that the condition of eq 34 is satisfied. Be- 
cii~ise of the independence of the two groups of = signs, 
one in eq 29 and 31 and the other one in eq 35, there are 
in general four sets of solutions of w2 and w4 for given 
s and wl. After w ?  and w1 are determined, the value of 
w , can be obtained from the J' and 2 components of eq 
32. The result is 

where (Iz, flu. and ( j2  are Cartesian components of q ,  
(given in eq 31). Eiy substituting eq 29. 33. 35, and 36 
into eq 20. we obtain a single algebraic equation in the 
single unknown wI. This equation can be solved numer- 
ically. and a numerical example will be given in section 
I V .  Equations 27, 28 and 34 are the necessary and 
sufficient conditions for eq 16 to be soluble for w2: w:*; 
and o for given s and wI. When these conditions are 
satisfied, eq 16 can be converted to  a single algebraic 
e.lu:ition in the single unknown wl. But, this equation 
ma). or  may nDt, have solution(s) for wl. Therefore. 
eq 27. 28. and 34 constitute necessary conditions for eq 
16 and 20 to  be soluble for wI. w.. w.$. and w 1  for given 
s .  The determination of w 3  and wi i  is then carried o ~ i t  
a s  indicated in the paragraph preceding eq 20. 

IF'. Case of Polypeptide Chains 

In this section. we cunrider the ca5e of p3lypeptide 
chains having Pauling-Corey geometry. I' It will be 
shown here that. even though the backbone of such a 
chain contains bonds about which no rotation occurs 
(;.e.. the C'-N bonds), equations of the form of eq 12a, 
1321. and 1421 are reducible to the form of eq 16. 17. and 
18. Therefore, the method of reducing a set of alge- 
braic equations in s,ix unknowns to a single equation in 
one unknown (developed in section 111) is also applicable 
to this case. Numxical illustrations of the method de- 
veloped in section 111 will be given for the particular 
case of polypeptide chains. 

The backbone of a p3lypeptide chain is made LIP of 
repeating structures of the form -C'-C"-N-. indexed 
according to  the standard nomenclature and conven- 
tions of Edsall, er u/. '"  In the Pauling-Corey gmmetrq. 
four backbone atorns (Cia, Cj'. Ni+,.  and Ct-ia) are in 
ii single plane. i . e . .  i:he dihedral angles around the back- 
bone bond Ci'--N,--l are kept fixed at  0". Since there 
art' two kinds of variable dihedral angles. + and $. in 
the backbone. we define two kinds of local coorJinate 
systems along the chain. An even-numbered coordinate 
system 2i is defined by atoms Ci". C z ' %  and Nif l  in such 
a way that these atoms have the Cartesian coordinates 
of Table 1.. in {.his coordinate system. An odd- 

( 2 2 )  For more detailed geometrical data, see H. A.  Schrrapa, 
Arkoir .  P17js. Org .  ChtZm., 6, 103 (1968). 

TABLE I 
CARTESIAN COORDlhATES" OF ATOMS I\ LOCAL 
COORDINATE SYSTEZI 21 IN A ~ G S T R O M  UUlTS 

Atom Y Y 

C," 0 .000  0 .000  0 . 0 0 0  
C, '  1 .530 0 . 0 0 0  0 . 0 0 0  
N ,+I  2 ,067  1 ,206 0 .000  
c,-I" 3.519 1.436 0 . 0 0 0  

0 These coordinates correspond to a planar frum-peptide 
unit, w i t h  Pauliiig-Corey geometry. 1s They differ from 
those of T. Ooi. R.  A.  Scott, G. Vanderkooi. and H.  A. 
Sclieraga. J .  CIIL'III. Ph.vs., 46, 441 0 ( 1967). 

TABLE I1  
CARTESIA\ COORDINATES OF ATOW in LOCAL 

COORDINATE SYSTEM 21 - 1 I N  AUGSTROV U h m  

Atom Y Y 

N 0 000 0 000 0 000 
C," 1 470 0 000 0 000 
C '  1 980 I 443 0 000 

numbered coordinate system 2i - 1 is defined by atoms 
N,. Cia. Ci '  similarly (see Table 1l2? for the cartesian 
coordinates of these atoms in this coordinate system). 
Using the data of Tables I and 11. the matrices and vec- 
tors which appear in the formula for the transformation 
of coordinates have the forms 

0 
R?i+l = Rg,, ,  = 0 cos d2-l -sin di-i 

/cos o1 -sin a O\ 

r 0 sin cos 

cos /3 -sin 3 0 
. 3 = 70.5' (41) 

The appearance of the nonvanishing j' component in 
p ? i  is a consequence of the planarity of the peptide unit 
(see Table I). However. even though the j' component 
is nonvanishing. eq 12a. 13a, and 14a (with the quanti- 
ties given by eq 37-42) can still be reduced to eq 16. 17. 
and 18. In this case of the polypeptide chain with 
planar peptide units, the vectors q i  defined by eq 19 have 
the following form, which is obtained by substituting 
eq 37-42 into eq 19 
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3'0r 

0 1.0 2.0 
r / q  

Figure 3. The region which satisfies eq 45,46, and 50. 

qo = 91 = q2 = T,P1+p2 = q G ($ (1.436) 3.519 (43) 

0.000 

Then eq 16 takes the following form in this case 

s = 4 + T,R,,TpR!b,+?rq + 
T,R,,T,R!bI+,T,R,,TpR,,+,q (44) 

The idea developed in section I11 was to solve eq 44 
for J/l, &, and $2 for given s and +l. The condition for 
the existence of solutions for eq 44 is given by 

2 q > r 2 O  (45) 

and 

f i ( r )  2 x 2 h ( r )  (46) 

where 

fi(r> = [pr2 + ur(4q2 - r2)'/'1/2q? 

j+) = [pr2 - ur(4qP - rz)' ']/2q2 (47) 

c 5 ,  I I , , I , I , , 

0 5 ,  , , 8 ,  

CO 

- 0 5 -  2 s = s -  
- 

, , '  
- ' O r  

1 1  8 ,  

SO I23 160 200 213 
: becral Angle +, Ideg:eesl 

Figure 4. Graphs of g =I g(pl) for (a) s = (2.913, 3.398, 
-2.407). II (0.730. 0.280. 0.624); (b) s = (8.821, 1.824, 
-3.101),~ = (0.059. -0.852. -0.521); (C)S = (9.000.0.000, 
O.OOO), u = (0.000. 1.000,0.000). 

Here q (= 3.8007) is the length of the vector q given by 
eq 43, and 

(48) 

x = t, cos p + t, sin /3 cos C#J~ + tz sin p sin +1 (49) 

where r z ,  r,, and r Z  are the x, y, and z components of the 
vector T,-'(S - 4). Equations 45 and 46 are special 
cases of eq 27 and 28, respectively. The condition of 
eq 34 takes the following form in this case 

r 2  = (s - q)2 

h ( r )  2 x 2 f4(4 (50) 

where 

f 3 W  = 

2u2(sin a + sin p) + 2up(cos a + cos p) - r z  sin a 

(51) 
2(u cos a - p sin a)  

2u2(sin a - sin (3) + 2up(cos a f cos p)  - r P  sin a 
f ; ( r )  = 

2(u cos a - u sin a )  

The range in the (rlq, x/q) plane, in which the point 
( r , q ,  x/q) satisfies eq 45,46, and 50, is shown in Figure 3. 
If a point (r /q ,  x/q)  falls into a quadrilateral-like region 
ABCD, there exist in general four sets of solutions of 
eq 44 for given s and 41 (see discussion following eq 35). 
This is a necessary condition that the set of eq 16, 17, 
and 18 (with its quantities interpreted as in eq 37-42) 
have one or more solutions for a given set of vectors 
s, u, and v. From Figure 3, we can conclude that r 
must lie in a narrower range than that indicated in eq 
45, ciz. 

1.9069q 2 r 2 1.2051q (52) 

Once the point (r,/q, x,'q) falls into the "good" region, 
the left-hand side of eq 20. or 

s(dJ = 

u~,R~,TpR!bl+,T,R~2TpR,2+,T,el  - cos P (53) 

(in this case of polypeptide chains), can be calculated by 
solving eq 44 for +Q, and J / 2  (in terms of &) and sub- 
stituting the results into eq 53. By following the same 
procedure for different values of +,, we can obtain a 
graph of g g(+,), a few examples of which are shown 
in Figure 4. The curves are found to  exist either in one 
continuous range (Figures 4a and 4c) or in two sepa- 
rate ranges (Figure 4b). The ranges in which the curves 
of ,g g(+l) exist will be discussed in section V in con- 
nection with a proof of the impossibility of the existence 
of cyclic tetrapeptides having the Pauling-Corey planar 
tram-peptide structure. The value of 41 at which 
g(&J = 0 is a solution of eq 20. (or, in general, 
wl)  is obtained, the other unknowns can be determined 
by eq 17,18,29, 33? 35, and 36. A computer program 
has been written in Fortran IV, which finds all the roots 
of eq 20 (for the case of polypeptide chains) for a given 
set of vectors s, u, and v by means of Newton's method.21 
It takes about 0.1 sec to solve the equation for one set 
of the vectors s, u, and v on an IBM 3603'65 computer. 
The number of solutions of the equation g(+l) = 0 was 
found empirically to vary from zero to  eight. In the 
eKamples shown in Figures 4a, 4b, and 4c, the number 
of solutions is 2, 4, and 0, respectively. 

Once 
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2.0 I 

a b 

Figure 5. Conformations corresponding to the two roots for 
the curve in Figure 41. The positions of the atoms which are 
connected by unshatied chemical bonds are the same in the 
two conformations. The conformation in (a) is a part of the 
right-handed a helix. The values of the dihderal angles qi. $ 1 ,  

@?, $?. o3 and J / 3  are 132.0, 123.0, 132.0. 123.0. 132.0, and 
123.0' for(a) and 112.7, 171.4> 88.4, 157.0, 88.4, and 131.5' 
for (b). 

The conformations corresponding to  the two roots 
found in Figure 4a are illustrated in Figures 5a and 5b 
together with their dihedral angles. In both Figures 
5a and 5b, peptidie unit 4 (consisting of the six atoms 
from CZa to C4a) if; fixed in the same posirion relative to  
peptide unit 1 (consisting of the six atoms from Co" to 
Cia). The two conformations shown in Figure 5 are 
the only two geometrically possible ones for the given 
relative positions of peptide units 4 and 1. The con- 
formation in Figure 5a is a part of the right-handed Q- 

helix, and has a h:ydrogen bond between Oo and (H)s'. 
In the conformation of Figure 5b, a bifurcated hydrogen 

can be formed between Oo and (H)sa and 
(H)"', but the atoms N1 and N2 (whose interatomic dis- 
tance is 2.31 A) violate the steric hindrance criterion20,23 
slightly. In general, it is quite possible that a con- 
formation obtained by solving the (geometrical) equa- 
tions presented here may be sterically hindered, be- 
cause (repulsive) steric effects are  not taken into ac- 
count in eq 12a, 'I3a, and 14a or in eq 16, 17, and 18. 
Of course. energy minimization will relieve such steric 
hindrances. 

V. 
Tetrapeptides with Pauling-Corey Planar 
rrans-Peptide Structure 

In this section, the result of section IV will be used to 
prove that cyclic tri- and tetrapeptides having the Paul- 
ing-Corey planar trans-peptide structure cannot exist 
geometrically, ;.e., the ring cannot be closed in such 
structures. 

In the case of cyclic tripeptides, which have six vari- 
able dihedral angles, s of the first of eq 15 is equal t o  
zero. Substituting s = 0 in eq 48, we obtain r = (I. 
Since this value falls outside the range of eq 52, cyclic 

Impossibility of Existence of Cyclic Tri- and 

(23) W. H. Baur, Acta Crj sr., 19,909 (1965). 
(24) G. Nemethy, D. C. Phillips, S.  J. Leach, and H. A. 

(25) S .  J. Leach, G. Nemethy, and H. A. Scheraga, Bio- 
Scheraga, h'uture, 214, 363 (1967). 

pol> mers, 4, 369 (1966). 

1.5 2 .o 
r 4 

0.0 
1.0 

Figure 6. Diagram showing the impossibility of existence of 
cyclic tetrapeptides with the planar trmis-peptide structure 
having Pauling-Corey geometry. See text for details. 

tripeptides with planar trans-peptide units having 
Pauling-Corey geometry cannot exist. 

In the case of cyclic tetrapeptides, where n = 8, the 
first of eq 15 (making use of eq 38, 39, 41, 42, 43) takes 
the form 

where the dihedral angles m i , ,  , . ,a8 in eq 12 and 15 are 
interpreted as 44, $4 + K, 41, $1 + K, $2, $2 + T ,  43, 
and t T, respectively. The impossibility of the 
existence of cyclic tetrapeptides with planar trans-pep- 
tide units having Pauling-Corey geometry will be 
proved by showing that the points (r/q, x,'q), calculated 
from eq 48 and 49 when s is given by eq 54, fall outside 
the "good" region in Figure 3 for any values of &, 
and $, in eq 49 and 54; only these three angles appear 
in these two equations. 

In order to show this, we first consider the movement 
of the point (r,x) as is changed for fixed values of + 4  

and $,. The value of r is independent of &, as can be 
seen from eq 48. 
changes in the range [0,2a], x changes in the range 

From eq 49, it follows that, as 

XI 2 x 2 xo 

x1 = r I  cos p + ( r*  - t I 2 ) ' ! ?  sin /3 
xa = t2 cos p - (rz  - t 1 2 j ' , 1 2  sin p 

For any s, the lower limit x o  is always lower than points 
which satisfy eq 45, 46, and 50, i.e., those points which 
lie within the region ABCD of Figure 6 (as already 
shown in Figure 3); this results from the inequality 

(55)  

where 

(56) 

and the observation from Figure 6 that the point (r,r cos 
p)  lies below the region ABCD. When r satisfies eq 52, 
there are three possibilities for the position of the upper 
limit xI: (a) the point ( r , x I )  lies below the region 
ABCD, (b) the point (r,xl) lies in the region ABCD, 
(c) the point (r,xl) lies above the region ABCD. As 
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changes from zero to 27~,  the point (r,x) makes a 
round trip between the lower limit (r.xo) and the upper 
limit ( r , x I ) .  There are solutions of eq 44 for a given 
vectors in a range or ranges of where the correspond- 
ing point ( r p )  lies in the region ABCD during the trip. 
In case a. the point never comes into the region ABCD. 
Therefore, there is no solution of eq 44, or there exists 
no curve g = g(+l), for any In case b, the point lies 
in the region ABCD for one continuous range of 
Therefore, curves g = g(q&) look like Figure 4a or 4c. 
In case c: the point ( r . x )  passes through the region 
ABCD twice. Therefore. curves g = g(+J exist in two 
different ranges of as in Figure 4b. Summarizing the 
above, we can conclude the following: the necessary 
and sufficient condition that there exist any such sets of 
values for the angles $,, r#~?, and $z that satisfy eq 44 
for a given vector s is that the point (r.xl), where I' and 
x I  are defined by eq 48 and the first of eq 56, respectively, 
lie in a region enclosed by BCDEF in Figure 6. The 
upper limit of the region is given by r = x ,  as can be 
seen easily from the first of eq 56. 

The values of r and xI are determined completely when 
a vectors, or, in the case of cyclic tetrapeptides, +, and 

in eq 54, are given. As a point (+,,$J moves in the 
region of 0 5 +, 5 27r, 0 5 $4 5 2 7 ~  in the (&$,) plane. 
the point (r,xJ moves in a region of the (r,xl) plane. 
The boundary of this region is determined by points 
which satisfy the equation 

From this equation, the region is found to  be the one 
enclosed by points GHIJ  in Figure 6. The region 
GHIJ does not overlap with the region BCDEF. 
Hence, there are no solutions of eq 44 when s is given 
by eq 54 for arbitrary + 4  and $4.  Therefore. cyclic 
tetrapeptides with planar trans-peptide units having 
Pauling-Corey geometry cannot exist. 

It should be emphasized here that the nonexistence 
was proved only for cyclic tri- and tetrapeptides which 
have planar rrans-peptide units with Puuling-Corej. 
geomerrj.. The proof does not exclude the possibilities 
of synthesizing cyclic tri- and/or tetrapeptide molecules, 
in which at least one peptide unit does not have the 
planar /runs conformation with Pauling-Corey geom- 
etry. In fact, cyclo-tri-L-prolyl and cyclo-tetraglycyl 
have been synthesized by Rothe, et u I . ? ~  and by Schwy- 
zer, et al., 2i respectively. Venkatacha1amz3 studied the 
possible sterically allowed conformations of cyclo-tri- 
L-prolyl by imposing a condition of threefold sym- 
metry, but allowing for departures from Pauling-Corey 
geometry; he actually found the molecule to  be steri- 
cally allowed if the peptide units are almost in the cis 
conformation (the deviation from planarity being ap- 
proximately Aw = 25'). Ramakrishnan and Sarathy2$ 
studied the conformations of cyclo-tetraglycyl and cyclo- 
tetra-L-alanyl which they assumed to have either four- 

(26) M. Rothe, I<. D. Stewen, and I .  Rothe, Angew. Chem. 

(27) R.  Schuyzer, B. Iselin, W. Rittel, and P. Sieber, H e i r .  
Ii7rem Ed. Engl., 4, 356 (1965). 

Chiin. Acta, 39, 872 (1956). 

(1968). 
(28) C. M. Venkatachalam, Biochirn. Biophj's. Acla, 168, 397 

(29) C. Ramakrishnan and I<. P. Sarathy, Biochinl. Bioph.rs. 
. 4 ~ r u ,  168, 402 (1968). 

fold or  twofold symmetry; they found that cyclo- 
tetragly,cyl and cyclo-tetra-L-alanyl with nonplanar 
rrans-peptide units (the nonplanarity being w = -9 to  
- 12') and departures from Pauling-Corey geometry 
are sterically possible, and they located an energetically 
favored conformation which turns out to have four- 
fold symmetry in the sterically allowed range of con- 
formations. Schwyzer, et a/., 4; proposed a conforma- 
tion with twofold symmetry for cyclo-tetraglycyl with 
rrums-peptide units; such a model would have to have 
departures from Pauling-Corey geometry. In the 
present paper. no assumption about symmetries of 
molecules was imposed. Therefore, the above proof 
of the nonexistence of cyclic tri- and tetrapeptides with 
plcimr rruns-peptide units liming Puiiling-Core!, geoiii- 
P ~ I ' J '  excludes the possibility of existence of any con- 
formations of such molecules whether or  not they have 
any symmetry. 

VI.  Derivatives of Dependent Angles 

In sections 111 and IV, methods were developed for 
solving eq 12a, 13a, and 14a for a given set of vectors 
s. u. and v for special forms of Ti and pz. In actual 
applications, s. u, and v are functions of the angles 
which are chosen as the independent variables as, for 
example, in eq 15; therefore, the solutions w I  of eq 12a, 
13a, and 14a are also functions of such independent 
variables. In this section, we outline a method for 
calculating first and second derivatives of dependent 
angles (i,e,> the solutions u i  of eq 12a, 13a, and 14a) with 
respect to the independent variables. Since no assunip- 
tions will be made in this section about the forms of Ti 
and pi,  the method to be described is a general one. Be- 
fore presenting it, we devote the next two paragraphs 
to a discussion of the uses to  which first and second 
derivatives of dependent angles are put in connection 
with conformational energy calculations. 

First and second derivatives of the conformational 
energy surface play a very important role in studies of 
polypeptides. The first derivatives of the energy func- 
tion are used in some energy minimization procedures. 3'J 

The second derivatives of the energy function are used 
in the calculation of the statistical weights of minimum- 
energy conformations. 3 1 ~ - , 1 4  The calculations of the 
derivatives of an energy function can be reduced t o  those 
of the derivatives of the relative position vectors of 
atoms in the molecule with respect to the dihedral 
angles chosen as independent variables. 3 4  If some of 
the dihedral angles change as functions of other di- 
hedral angles chosen as independent variables, then we 
need derivatives of the dependent angles with respect 
to the independent ones in order to calculate the deriva- 
tives of the relative position vectors of the atoms in the 
molecule. 

Another example of the use of the first derivatives of 
dependent variables with respect to  independent ones 

(30) I<. D. Gibson and H. A. Scheraga, Proc. Nut .  Acad. Sci., 

(31) h', Go, M .  Go, and H. A .  Scheraga, ibid., 59, 1030 (1968). 
(32) I<. D. Gibson and H. A. Scheraga, Phj.siol. Chem. Phjs . ,  

(33) I<. D. Gibson and H. A. Scheraga, Proc. .?'at. Acad. Sci., 

(34) M. Go, N. Go, and H. A. Scheraga, J .  Chem. Phjs . ,  in 

U. S., 58, 420 (1967), 

1, 109 (1969). 

U.  S., 63, 242 (1969). 

press. 
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is the problem of local deformations of general chain 
molecules, which was formulated mathematically in 
section I1 as the solution of eq 12a, 13a. and 14a for a 
given set of vectors s ,  u. and v (whose actual values are 
given in terms of the independent variables in eq 15). 
In sections I11 and IV. special cases (which, however, 
tire those of most interest) were discussed in which eq 
12a. 13a. and 14a could be reduced to a single algebraic 
equation in one unknown, which. in turn. could be 
solved quite efficiently by Newton's method. In fact, 
all roots of eq 20 with wy, w:<. and w I being given as func- 
tions of w , ,  could be located very rapidly (see section 
IV).  However. the reduction of eq 12a, 13a. and 14a to  
ii single algebraic equation in one unknown is not possi- 
ble for more general cases. It is very difficult to  locate 
all roots ofeq  12a. 13a. and 14a by the multidimensional 
Newton method. But. the latter is an efficient one for 
locating a root if a good approximate estimate of the 
root is known by any method; this is the situation in 
the problem of a Iocd deformation of a chain molecule 
a5 can be seen below. Let us assume that we alreadq 
have a chain niolccule in a certain conformation. and 
we want to make a local deformation of conformation 
in a certain section of the molecule. Then. we change 
the value of the in'dependent variab!e(s) in eq 15 by such 
a small amount t h d  the vectors s. u. and v d o  not change 
by a large amount. We solve e7 1221. 13a. and 14a by 
the multidimensional Newton method, srarring from 
the values of the unknowns corresponding to  the unde- 
formed conformation. I f  a large deformation (con- 
fined to  ti local section of a chain molecule) is to be 
made, this can be accomplished by a number of small 
stepwise deformations. The first derivatives of the de- 
pendent variables with respect to  the independent ones 
are used in this connection. Since the method de- 
scribed below for obtaining the derivatives does not 
assume any particular form for Ti and p i ,  the method 
outlined above for making local deformations can be 
applied in general to any chain molecule. 

Turning now to the method for computing deriva- 
tives. we note that. for any TZ and pi, eq 14a can always 
be transformed to  eq 18. Thus. w 6  and its derivatives 
are given explicitly in terms of v and of a,, , . . .us and 
their derivatives. The variable w 6  does not appear in 
either eq 12a or 13a. since Reel in eq 13a is equal to e , .  

Therefore, the six equations in eq 12a and 131, of which 
five are independent (three in eq 12a. and three in eq 
13a of which two are independent). can be considered 
as  the ones for obtaining the five unknowns wl,. . . ,w:>. 
Once the derivatives of w,, . . . mi are calculated from eq 
12a and 13a, the derivatives of u6 can be calculated from 
eq 14a. Taking the first derivatives of both sides of 
eq 12a and 13a with respect t o  an independent variable 
[ (any one of the variables in eq 15). we have 

, 
S{ = c S,W,{ ( 5 %  

# = I  

where sf, u ~ .  and wif  are the first derivatives of s. u. 
and wi with respect to < (with sf and uI being given 
quantities and w f f  being unknowns); st  and ui  are vec- 
tors given by the right-hand sides of eq 12a and 1321. 
respectively, with R t  being replaced by dRi,'dwi. but 
Rj ( j  # i) kept unchanged. Only two of the three linear 
equations of eq 60 are independent. The first deriva- 
tives wil can be obtained by solving the five simultaneous 
linear equations in eq 59 and 60 (three of eq 59 and two 
independent ones of eq 60). Taking second derivatives 
of both sides of eq 12a and 13a with respect to  the in- 
dependent variables < and (, which may or may not be 
identical with each other. we have 

where sfg. ut$, and w7<g are the second derivatives of s, u, 
and with respect to < and 6 ;  sil and utj are vectors 
given by the right-hand sides of eq 12a and 13a. respec- 
tively. with Ri and R, being replaced by dRi,'do, and 
dRj, dwj. respectively. for i # , j ,  or  with R i  being replaced 
by d2Ri /dwt2  for i = .j. but Rk ( k  # i, j )  kept unchanged. 
Substituting the values of wlf  and w j t ,  obtained by solv- 
ing eq 59 and 60, into eq 61 and 62, we have a set of 
linear equations for the unknowns w i l t ,  which can be 
solved easily by the usual methods. 


